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Abstract: We investigate the use of the embedding formalism and the Melhn transform in 
^^..^ the calculation of tree-level conformal correlation functions in AdS/CFT. We evaluate 5- and 

^ 6-point Mellin amplitudes in cp"^ theory and even a 12-pt diagram in c/)^ theory, enabling us 

^T to conjecture a set of Feynman rules for scalar Mellin amplitudes. The general vertices are 

l/~) given in terms of Lauricella generalized hypergeometric functions. We also show how to use 

the same combination of Mellin transform and embedding formalism for amplitudes involving 
fields with spin. The complicated tensor structures which usually arise can be written as 
certain operators acting as projectors on much simpler index structures - essentially the same 
^ ones appearing in a flat space amplitude. Using these methods we are able to evaluate a 

^ four-point current diagram with current exchange in Yang- Mills theory. 
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1. Introduction 

Witten diagrams [1] provide us with the means for calculating correlation functions [2] of 
strongly coupled conformal field theories with a gravity dual [3, 4]. However, in spite of 
significant progress [5, 6, 7, 8], such calculations are in general quite cumbersome to perform. 
As it stands, the state of the art is the computation of four point functions involving different 
kinds of exchanged fields in type IIB supergravity^ [12, 13, 14, 15], and a stress-tensor three 
point function [16]. The latter constitutes an especially heroic effort, due to the complicated 
tensor structures required for conformal invariance of the three-point function [17, 18]. 

Such calculations are usually performed in coordinate space. An obvious question is 
whether changing basis could lead to simplifications. The first guess is momentum space, 
but this doesn't lead to any major simplifications - perhaps the reason is simply that such 
a transformation does not take into account the symmetries of AdS space, but only of its 
boundary. As it turns out that a more appropriate basis does exist: instead of the Fourier 
transform one should really be working with the Mellin transform [19, 20, 21] 

The Mellin transform is very natural from a conformal field theory perspective. To see 
this consider the four-point function of a scalar fields Oi of conformal dimension Aj. By using 
the OPE in the 12 channel say, we can write 



27rr 
d'^x {0{xi)0{x2)(t>h+c{x)) {^h-c{x)0{x3)0{xi)) + ... (1.1) 

where the . . . represent contributions of fields with spin appearing in the OPE, (j)h±c is a 
scalar field of unphysical dimension /i it c, and ^(^^^(^^^(c) contains the information about 
which scalar fields appear in the OPE, through its pole structure. The three point functions 
appearing above are uniquely fixed by conformal symmetry, say 

3 

{OaAxi)Oa,{x2)Oa.Ax)) = Ca,A2A. Wi^i - ^j)~^'^'' (1-2) 

with e.g. A12 = ^(Ai + A2 — A3) and Cai,A2,A3 is a constant which contains information 
about the dynamics. Therefore the integral becomes 

(0(X1)0(X2)0(X3)0(X4)) = [ ^.g^^''^^^'^\c)CA,A2,h+cCA,A,,h-c 

J 27r? 

(Xi - X2)-(^^+^^-('^+^»(x3 - ^4)-(A3+A4-{h+c)) j ^d^ -Q(^ _ ^.yS, ^ _ _ (^3) 



with 



i=l 



5i = -(Ai + /i + c - A2), ^2 = -(A2 + /i + c - Ai), 

,53 = -(A3 + /l-C-A4), (52 = -(A4 + /l-C-A3), (1.4) 



'^See also the works [9, 10, 11] where correlators of currents are calculated in certain limits. 



To perform the x integral in (1.3) the standard procedure is to introduce Schwinger 
parameters to exponentiate the denominators. The x integration becomes trivial, and the 
Schwinger integrations can be performed via Symanzik's star formula [22], as we discuss in 
appendix B. The net result is that 

4 4 

7r-'^/2 f d^xflix - x,)-^'T{6i) = fd6i,flT{6,j)ixi-x,)-'''^'^ (1.5) 

1=1 i<j 

where the n{n — 3)/2 independent parameters 5ij satisfy the constraints ^^^jSij = 6j. In 
this way, we have passed from integrations in coordinate space to integrations in the Mellin 
space. 

Generically, any conformal field theory correlation function of scalars with dimensions Aj 
can be written in the Mellin representation as [19]: 

A{xi,X2, ...,xn) = r^— / d5ij M{5ij) T\T{5^j){xi - xjY^^^k (1.6) 



i<3 



The normalization constant N will be fixed later. The object M{6ij) is the Mellin amplitude, 
which depends on a set of n{n — 3)/2 parameters 6ij equal in number to the number of 
independent cross-ratios ^ 

. These parameters satisfy the constraints 

Y,S^J=^^, S^^ = (1.7) 

i 
which may be solved by introducing a set of d-dimensional vectors ki satisfying 

-kf = Ai, ^ki = (1.8) 

i 

in terms of which 5ij = ki ■ kj . It is also useful to introduce the "Mandelstam invariants" 

(p \ 2 p 

m=l / m=l ik<il 

which imply for instance Sij = —{ki + kj)"^ = Aj + Aj — 26ij. 

Mellin amplitudes have very simple analytic properties. The scalar four-point function 
for instance, has an infinite set of simple poles in the s-channel at si2 = A^ — Sk + 2n, where 
Afc, Sk are the conformal dimension and spin respectively of a field appearing in the OPE, 
and n is a positive integer. The residues of the satellite poles, that is those with n 7^ 0, are 
completely fixed by conformal symmetry in terms of the leading n = pole. Further, validity 



■^As long as this number is smaller than n x d, the number of maximally independent components of 
n-dimensional vectors. 



of the OPE requires factorisation: the residue of the leading pole splits into the product of 
two factors, one pertaining only to fields 12 and the other to fields 34. 

In the paper [21], the Mellin formalism was used to study CFT correlation functions 
computed in the AdS/CFT context, with promising results. For instance, contact interac- 
tions have simply polynomials as their Mellin amplitudes, in contrast to the complicated 
D-functions which appear in coordinate space. Even the dreaded stress-tensor exchange dia- 
gram reduces to a simple rational function for the case of minimally coupled massless scalars. 
The simple analytic properties of Mellin amplitudes also make clear which operators are 
propagating throughout a given Witten diagram: double-trace operators corresponding to 
the fusion of external legs are captured by the explicit gamma functions in the Mellin rep- 
resentation, whereas single-trace operators and their descendants corresponding to internal 
lines or bulk-to-bulk propagators, appear as simple poles of the Mellin amplitude,. 

In this paper we continue to investigate the properties of AdS/CFT correlation functions 
in the Mellin representation. We shall do this on two fronts. Firstly by evaluating higher point 
amplitudes in purely scalar theory, that is, where no other fields other than scalars propagate 
in a Witten diagram. Secondly by computing correlation functions of operators with spin 
such as currents and stress-tensors. In both cases it will be invaluable to use the embedding 
formalism [23, 24, 25]. The main idea is to think of AdSd+i space as embedded in flat 
Minkowski space M(i+2: with metric tj^'^^ . AdS coordinate vectors X^ satisfy X ■ X = —B? 
whereas AdS boundary coordinates P^^ are defined by P^ = 0, P ~ aP, a > 0. With the 
two-pronged approach of using embedding formalism and Mellin transforms, the computation 
of correlation functions simplifies dramatically. 

1.1 Summary of results 

An intriguing possibility raised by the work of [21] is the existence of Feynman rules for Mellin 
amplitudes. Indeed, the Mellin amplitude for a scalar four point function in cj/'' theory takes 
the simple form 

M,^y{ %^ + %^ + -^ (1.10) 

^^ I si2 - A - 2n si3 - A - 2n S14 - A - 2n i ^ ' 

n=0 \ / 

The vertex VA,n essentially describes the three point function of two scalars and a descendant 
field at level n. The above is remarkably similar to a flat space scattering amplitude, and 
indeed it becomes one for high enough energies as compared to the dimensions A. In this 
work we shall present strong evidence that at least for scalar theory, it is possible to write 
down a set of Feynman rules for Mellin amplitudes. More precisely, we compute 5-pt, 6-pt 
and even a 12-pt diagram in scalar theory and check that the rules hold. These calculations 
also allow us to read off the vertices V when more than one descendant fields are involved. 
In (fi^ theory we need at least three internal lines (bulk-to-bulk propagators) to see three 
descendant fields interacting, and in (j)'^ theory we need four such lines. Our computations are 
consistent with the existence of a set of Feynman rules for Mellin diagrams, which are given 
in the following. 



Conjecture (Feynman rules for Mellin amplitudes): Consider a tree-level Witten 
diagram involving only scalar fields, consisting of a set of external (bulk to boundary) and in- 
ternal (bulk to bulk) lines, and vertices connecting them. The corresponding Mellin amplitude 
is constructed as follows: 

• To every line associate momentum kj. Momentum of external lines satisfy —kf = Aj. 
Momentum conservation must hold for the whole amplitude, and at every vertex. 

• To every internal line corresponding to a scalar of conformal dimension 5k, assign an 
integer Uk and a propagator: 

(1.11) 



2nj!r(l + 6j + Uj - h) +k'j + {5j + 



2n,- 



In g^"^'<p"^ theory, the vertex connecting lines with dimension Aj, integers Ui, is given 
by 



C:t, = ^'"" r (£4^) f li (1 - " + ^.)».~ 



\i=l 



^M ^^=1 '" ,{-ni, . . . , ^^} , {I+A1-/1, . . . , 1+A^-h} ;!,..., 1] (1.12) 



where {a)m is the Pochhammer symbol and F^ is the Lauricella function of m vari- 
ables^ 

• The Mellin amplitude is obtained by summing over all non-zero integer Ui. 

If this conjecture is correct, then correlation functions in the purely scalar sector are 
completely solved at tree level (other kinds of interactions, such as those including derivatives, 
can be easily included [21]). A proof of these rules will require a better understanding of how 
lower-point Mellin amplitudes are combined into higher point ones. 

An important result in this work, is a simplified formalism for the calculation of corre- 
lation functions of objects with indices, such as currents and stress-tensors. We shall find 
that the bulk to boundary propagators of these objects can be written as certain differential 
operators D^ acting on scalar propagators. For instance the three-point current Mellin 
amplitude M3 ^ ^ ^ may be written schematically as 

j^M,M,M, ^ d^''^'D^''^'D^'^'^'Ma,a,a,- (1.13) 

The D operators act as projectors, taking the reduced Mellin amplitude M onto a conformally 
invariant subspace. As such, the reduced Mellin amplitude M is dramatically simpler then 
the full amplitude. In particular its tensorial structure is essentially the same one that would 



^The definition is given in equation (4.23). Also, see references [26, 27, 28]. 



appear in a flat space scattering amplitude, upon certain identifications. This simplification 
holds for arbitrary n-point functions, of fields with arbitrary spin. In particular, in this paper 
we shall carry out as an example the calculation of a four-current Witten diagram involving 
current exchange in Yang-Mills theory. With some more work, the four-point function of the 
stress-tensor should be obtainable, since the difficulties involved are essentially the same that 
are involved in a flat space scattering calculation. 

The usage of the embedding formalism also clarifies the requirements of conformal in- 
variance. Consider for instance the current three-point amplitude, 

{j'''^{Pi)J^'^{P2)J^'{P^)) (1.14) 

where all P^ ' are d + 2 dimensional vectors which square to zero. To get the d-dimensional 
amplitude we must pull back the Mi indices to // indices in d dimensions. This only makes 
sense if the Mi indices are transverse [24] , that is, if: 

P.AU {J^''{Pi)J^'HP2)j''HP3)) = (1.15) 

for any i. This requirement strongly constrains the form of the amplitude. There are essen- 
tially two building blocks 

pMj pMi 
Pi ■ Pj 

which satisfy Pm^X--*' = PmJ^^^^^ = PmjI^^'^'^^ = 0. From these we can construct the 
tensorial structure of any conformally invariant amplitude. In our example, we find that the 
amplitude must take the form 

which is correct [18]. However, the reasoning is more general, and it applies to any n-point 
amplitude of any integer spin field. 

The layout of this paper is as follows. In the next section we set up our formalism, 
describing in detail the embedding formalism, and the form of the bulk-to-bulk and bulk-to- 
boundary propagators that will be used throughout the paper. In section 3 we review some of 
the results of [21], computing the Mellin amplitude corresponding to a scalar four-point func- 
tion in (p"^ theory. This will serve as the starting point and motivation for computing higher 
point amplitudes, in the quest to understand whether Mellin amplitudes can be described 
by a set of Feynman rules. In sections 4 and 5 we compute five and six-point amplitudes 
respectively. The form of the amplitudes is consistent with the Feynman rules we described 
previously, and we read off the general cubic vertex involving three descendant fields, given 



in terms of the Lauricella function of three arguments. In section 7 we turn our attention to 
correlators of spin-1 fields. We start by reproducing in a much simpler fashion several compu- 
tations which have appeared previously in the literature: namely correlators (JOO), {J, J J) 
and a current exchange diagram in scalar theory. Putting all the ingredients together we are 
able to explicitly compute a current 4-point function. We finish with a brief discussion of our 
results and prospects for future work. 

Note: While this work was being completed, we became aware of the work of [29] which 
partially overlap with some of our results. We thank the authors for granting us access to an 
early version of their manuscript. 

2. Preliminaries 

2.1 Embedding formalism 

Throughout this paper we shall make strong use of the embedding formalism. In this formal- 
ism, AdSci+i space is seen as a curved surface embedded in flat Minkowski space M(i^2- The 
Minkowski space metric is denoted rj^'^'^ , and it is written as 

ds2 = -dX+dX- + 6mndX"^dX''. (2.1) 

That is, we describe the first two directions with lightcone coordinates. AdS coordinate 
vectors X satisfy X ■ X = —B? whereas AdS boundary coordinates P are defined by 
P^ = 0. We are also free to perform rescalings P — )• aP, a > 0, and as such amplitudes 
M{Pi) satisfying conformal invariance should also scale: M{Pi) — )• a M for some A. To fix 
notation we choose 

• Pi - fixed boundary points. 

• Qi - boundary points integrated over. 

• Xi - AdS bulk coordinate. 

We will also set throughout the rest of this paper the AdS radius to one. Dependence on this 
quantity can be recovered by dimensional analysis. Useful parameterizations of AdS and its 
boundary are 

X^ix'^) = J-^i^xl + x^xf^), P'^ixn = {l,y\y^). (2.2) 

Xq 

where x^ is a d-dimensional vector and x^ = x^x^. In this way we have for instance: 

p.. = -2Pi ■ Pj = [vi - Vjf (2.3) 

-2P-X = -{xl + {x-yf). (2.4) 

Xq 



Objects with indices Ta^... are tensors in AdS if they satisfy X^^Taj^... = [30, 24]. To 
implement this transversahty condition one may use the projector 

C/^^ = ^^^ + X^X^. (2.5) 

It is also useful to know how to write such d + 2 tensors in terms of d-dimensional ones. In 
other words, we need to be able to pull-back M indices to /i indices, and this is achieved by 
use of the objects 

Cm iP) - Qy, ' ^a iX) - ^^, . (2.6) 

Because of the constraints X'^ = —1, P^ = 0, we necessarily have C^i{P) " P = ^a{X) ■ X = 0. 
Using the parameterization of AdS and its boundary given in (2.2), we find the following 
useful identities: 

(2.7a) 
(2.7b) 

(2.7c) 

(2.7d) 

(2.7e) 
(2.7f) 

(2.7g) 

In the following we will label indices that are to be contracted with (^tf as M, N,P, . . ., whereas 
"^dS"' indices will be labelled A,B,C . . .. This provides a practical distinction between 
boundary and bulk indices, although in the embedding formalism no such distinction exists. 

2.2 Boundary-bulk propagators 

In the AdS /CFT correspondence, conformal correlation functions can be calculated via Wit- 
ten diagrams [1]. A typical diagram is shown in figure 1. 

Such a diagram is made up of three ingredients, namely external lines which connect to 
the boundary of AdS, internal lines, and vertices. The vertices are simple to write down and 
are easy to read off from the gravitational lagrangian. External lines are bulk-to-boundary 
propagators, propagating some field perturbation inserted on the boundary into the bulk, 
and internal lines are bulk-to-bulk propagators. To compute the amplitude we write down a 
propagator for each line, and integrate over all possible positions of the interaction vertices. 
In the following we shall give expressions for these propagators in the embedding formalism. 
Consider first the case where the perturbation corresponds to a scalar operator of conformal 
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Figure 1: A Witten diagram involving scalar fields, 
dimension Aj. Then the propagator can be written as 

Here i is shorthand notation for denoting the field in question and its conformal dimension, 
and the constants are 

d = , ^^^'} -, h = d/2. (2.9) 

27r'^r(l + Aj - /i) ' ^ ' 

It is easy to check using our expression (2.4) that this reduces to the usual bulk-to-boundary 
propagator 

However, the most convenient expression to use is the Schwinger parameterized form appear- 
ing on the right of (2.8), and this will be the one we will be using throughout this paper. 

Now consider the bulk-to-boundary propagator of a spin-1 field. Such a propagator takes 
the form^ : 

That is, it is given by the product of some tensor structure, to propagate indices, and the 
scalar propagator of a field of dimension Aj. For a Yang-Mills field we will have Aj = d — 1, 
but we shall keep it arbitrary for now. Requiring transversality of the tensor structure both 
in AdS and at its boundary fixes J^ : 

pA vM 



''Our normalization differs from that of [7] by a factor of d — 1. 



The tensor J*^^ is a projector, as may be easily checked. It serves the two-fold purpose of 
making transverse in X objects which contract it on the right, and transverse in P objects 
which contract it on the left. The reader may check that the propagator written above 
reduces to the right one for a spin-one field upon the use of the identities (2.7). In fact, 
using J , we can write down the bulk-to-boundary propagator for a field of any spin - we 
just multiply several J together and symmetrize appropriately its indices to get the right 
representation. In particular we can do this to obtain the bulk-to-boundary propagator of 
the graviton. Before we do this however, we notice that there is an alternative representation 
of the propagator which will be very useful by using the identity: 



dt ^A -P ^ J2tP-X _ /" dt ,A (~2t) A -yM J2tP-X /r, -, o\ 

t * P.X "■ " / t A ^ ^ "^ ^^■^'^^ 



''t^^J^e---, (2.14) 



t A dP^i 
we can write Ef^{P,X) = D^'^Ei{P,X) with the operator 

^r - V''^ + ^P^g^ - V""^ + {p^dM,. (2.15) 

Similarly, for the spin-2 case, we can also write the bulk-to-boundary propagator in terms of 
an operator acting on the scalar propagator: 

eMiM2AB^P^j^^ = D*i*^2^^i?,(P,X), 

j^M^M.A.A, ^ ^AHM^M.A, ^ ^ ^^M^MpMg^^^ + 1^2) + ^^^^M.^m, (2.16) 

Once again, in applications we should take A = d in the above. 

2.3 Bulk-to-bulk propagators 

Next we consider the bulk-to-bulk propagators. These are associated with internal lines in 
Witten diagrams. For ease of notation, we will henceforth denote the conformal dimension 
of fields propagating in these internal lines by a lower case 6, and dimensions of fields on 
external lines by a capital A. Then, for a scalar field of dimension 5, the bulk-to-bulk 
propagator Gbb(X, y) can be written in the embedding formalism as 



J-ioo 2vrz Jq^^s J 



" + 00 

-ioc ^'"^'^ JdAdS 

with 



^'■»(^> - 2,^-[(.-/.)^-c^]r(c)r(-.) - ""'^ ^ ^fz-s"-' (Z18) 



10 



It is remarkable that this can be seen as the product of two boundary to bulk propagators 
of states with unphysical conformal dimensions /i it c, glued together by the integration over 
the boundary point Q and over c. Bulk to bulk propagators of fields with spin will have the 
same structure as we shall see shortly. The fact that the dependence of the propagator on 
X and Y factorises simplifies calculations a great deal, since then an n-point amplitude can 
be obtained by appropriately gluing lower-point amplitudes. In particular, this allows one to 
ultimately reduce an n-point amplitudes to a gluing of three point amplitudes, analogously 
to (but not quite) BCFW [31] recursion relations. 

The bulk-to-bulk propagator for a spin-one field is written in a similar fashion to the 
spin-zero case [32]: 

yAB 



G 33(^11^2) 



-00 



4 00 



27ri 



Ai(c) / dQ / ^/+^Ki^2.g.x.)^^^^ I ^.-^-(Z),^4e2^-«-^^) (2.19) 

dAdS 



with 



fsA = fs,0 ^S^\/_^2 ^ S = d-l (2.20) 

and D^ the operator defined previously in (2.15). Finally, the bulk-to-bulk graviton prop- 
agator can be obtained by the replacements [32] 

Ai ^ f5,2 = fsfi [{h + if - c2] (2.21) 

jjMA _^ j^AhM2AiA2 (2.22) 

llMN —^ £MiM2,NiN2 (2.23) 

with £ given by 

£miM2NiN2 = ^ {'nAhNiVM2N2 + VMiN2'nM2Ni) — "^ ??Mi M2 Wi Af2 ■ (2.24) 

The appearance of d instead of d -|- 2 in the above will be explained in section (5). For now it 
is sufficient to notice that in order to get the correct d dimensional index structure we must 
have £ of this form. 

3. Warm-up: 3 and 4-point scalar correlation functions 

3.1 3-point vertex 

Now that we have expressions for all the propagators, we are ready to compute some ampli- 
tudes. We will see that using both the embedding formalism and the Schwinger parameterized 
form of the propagators naturally leads to the appearance of the Mellin transform of the am- 
plitudes, as well as simplifying considerably the calculations. 
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Figure 2: Scalar three-point function. 

As a warm-up, consider first a simple theory of massive scalars in AdSd+i interacting via 
a cubic potential: 



S, = ld'^'x^9(Y.l(d^^f + l^'^' + §, (E' 



(3.1) 



The conformal dimension of the operator Oi dual to (pi is then Aj = /iit w /i^ + mf. We start 
by calculating a scalar three point function, described by the Witten diagram of figure 2. To 
each leg connected to the boundary we associate a boundary to bulk propagator Ei. We are 
then instructed to integrate over the interaction point in the bulk of AdS, so that the overall 
amplitude is given by 

^(1,2,3) = {Oi{Pi)02{P2)03{P3)) = 9 [ dXEiiPi,X)E2{P2,X)E3iP3,X), 

J AdS 
+°° — dti 



9^3 I TT T^ *f ' / d^ e^P (2(*i^i + *2^2 + tsPs) • X) (3.2) 
/o .^1 ti 



AdS 



with £3 = ni=i r(A ) • '^° proceed we use the result (A.l), whereupon we obtain 
A{1, 2,3) =g TT^ £3 r f^l^p^'] y n ^ tf ' exp (-tits A2 - titsAs - t2t3P23) ■ (3.3) 



with Pij = —2Pi ■ Pj. The integrals may be directly performed by doing a change of variables, 

(3.4) 



/msTTis /msmi 
ti — W , t2 — \ , ts 



nil 



m2 



17111712 



1173 
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Figure 3: Scalar exchange diagram. 



obtaining 



„,,3)4,r(£?^).3n 



dWJj (5,1- _rn Pi 



-m- e 



mi 



where it should be understood that \i i = l,jk = 23, etc, and 

A2 + A3 - Ai ^ Ai + A3 - A2 



ns 



Ai + A2 - A3 

O12 - ^ , 023 - ^ 

The integrations are now trivial and one obtains 

^(1,2,3) = ^^r (^^^^f^) ssflm^m^)-''^ 

In general, we define the normalization constant in (1.6) by 

h n (J, 



-v-tH 



2 i^ir(AO- 

In this particular case, this gives for the three-point Mellin amplitude: 



[0,0,0] 



(3.5) 



(3.6) 



(3.7) 



(3.8) 



(3.9) 



The notation for the vertex V will become clear later on. For the practical purpose of 
computing the Mellin amplitude, we need not worry about the overall normalization constant 
A^, since to restore it, one can simply include a factor Cj/r(Aj) for each external leg. As such 
we will for the most part omit it from our calculations. 
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Figure 4: Four-point amplitudes result from gluing a pair of three-point amplitudes 

3.2 4-point exchange diagram 

Now let us tackle an example where there is an intermediate state being exchanged in the 
bulk. We consider a four point amplitude of operators Cj and dimension Aj, i = 1, ... ,4, 
where a scalar of conformal dimension 5 is being exchanged in the "s-channel" . The Witten 
diagram is shown in figure 3. Let us denote the corresponding amplitude by Is- There are 
now two three point interactions happenning at points Xi , X2 , over which we must integrate 
over. The amplitude is written 

Is = 9^ [ dXi / dX2Ei{Pi,Xi)E2{P2,Xi)GBB{XuX2)Es{P3,X2)Ei{Pi,X2){3.W) 

J AdS J AdS 

As we've seen in section 2.3 the dependence of the bulk-to-bulk propagator on Xi,X2 fac- 
torises, and the amplitude becomes 

hioo 



with 



Is= i^Jsic) dQAiPi,P2,Q+)AiQ.,Ps,P^). (3.11) 

J —ioo ^^^ JdAdS 

A{P^,P2,Q+)=g r"^^^tfit^2,'^+'= / dXle2(*l^l+*2^2+^Q)■^^ (3.12) 

Jo h h s Ja^s 

A{P,,P,,Q^)=g r^^^^-t^Hf^s^-' [ dX2e2(*3^=^+*^^^+^"«)-^^ . (3.13) 
Jo h U s J^^s 

These are simply three-point amplitudes, which we have already computed. This decomposi- 
tion is shown diagramatically in figure 4. 

Since the bulk-to-bulk propagators always factorise in this way, any n-point amplitude 
will be the result of gluing together several three point amplitudes. We need a useful notation 
for denoting these, as they will occur often. We choose: 

AA,,A„h±cdPuPj,Qi) = A{i,j,4). (3.14) 

In case a given three point amplitude contains two Q's then it will also depend on two c 
parameters. To every boundary coordinate integration there will correspond a single c, so 
that the above notation is consistent. 
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To compute integrals such as the one in (3.11), the standard procedure is to introduce 
Schwinger parameters to exponentiate the powers of Pij. These are the t and s parame- 
ters appearing in the expressions for the propagators. In practice, we always start by first 
performing the X integrations so that we are left with expressions of the form: 



-4(i,j,c=^) = gLi,c± 



+°^ dti dt2 ds A A2 >+c 



h t2 s 



ifH^^-'s^+'e-KY, [-tit2-Pi2 + 2s(tiPi + t2P2) ■ Q\ (3.15) 



with 



h- 



9i,i,c± = g-^ ^ 



i + Aj + {h±c) -2h 



(3.16) 



In the particular case at hand, if we write both 3-point amplitudes in this fashion it is easy 
to see that the Q integral which must be performed is precisely of the form (A. 5). We then 
get 



^4 = 5 27r 



^3h 



ii,,„<,/S5r(^i±^|±£^)r(^.±^p£^ 



dij ,A, 



n^' 



j=i 



ti 



exp 



(1 + S2)tit2-Pl2 - (1 + s2)tlt2^34 - SS Y^^itjPij 



m 



(3.17) 



where the primed sum indicates we are summing over the "cross-links" 13, 14, 23, 24. We 
can now use Symanzik's star formula (which we review in appendix B), to show that the 
amplitude Ig can be written in the form (1.6), with a Mellin amplitude given by 



M{S^J) = 2 / ;^/5,o(c) /(12, h, c)/(34, h, -c) 



with e.g. 



2TTi- 



»+oo J ^ 

/(12,/i,c)=5i,2,.+ / -s'^+^-S ^- (1 + 



2\ -<5i2 



(3.18) 



(3.19) 



'0 s 

The integrals can be evaluated in terms of gamma functions. Using the relations (1.9) to 
express the 6ij parameters in terms of Mandelstam invariants we find 

ff' /■+*'" dc lh{c)lh{-c) 



M(si2) 



where we have defined 



Y /- Ai+Aa-sia ' 



r( 



A3+A4-S12 - 
2 



2Tri {6 - hf 



lh{c) 



Y i h+c-s-12 \ p / Ai+A2+c^fe I Y { A3+A4+c-fe 



2r(c) 



(3.20) 



(3.21) 



The Mellin-Barnes integral can be exactly evaluated in terms of a hypergeometric 3^2 function 

[21]: 



M(S12 
3i^2 



2 Y ( Ai+A2+(5-fe \ p / A3+A4+(5-fe 

2si2-6 T{l + 5-h) 

2 - Ai - A2 + <5 2 - A3 - A4 -h 5 5-S12 2 + 5 -si2 



, l + (5-/i;l . (3.22 
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It is more useful for us however, to write the amplitude in a different fashion. Since the 
integral must lead to a meromorphic of S12, we can write the result as a Laurent series in si2. 
The poles of this function are found by examining when the c integration contour gets pinched 
between two poles of the integrand. We can choose the contour such that this happens when 
c = 5 — h and S12 = S + 2n, with n a positive integer. Then it is easy to find 

+f» p5 

n=0 

The dots represent polynomial contributions to the amplitude, but as it happens, in this 
particular case they are vanishing, as can be checked by computing the amplitude exactly, 
and the sum of poles is therefore the full amplitude. We have defined the vertices and 
propagator normalization. 



yAi,A2,A3 _ yAi,A2,A3 



(l-^^A, + A3J (3.25) 



[0,0,ni] [0,0,0] 

P^ = [2nir{l + 6-h + n)r' (3.26) 

with the help of the Pochhammer symbol {a)m = r(a + ?7i)/r(a). The interpretation of 
this expression is clear: the Mellin amplitude is an infinite sum of products of three point 
vertices and a propagator. The sum runs over the propagating fields, which include a field 
with conformal dimension 6 and its "descendants" , with dimension S + 2n. From the above 
one reads off the three point Mellin amplitude of two fields of dimensions Ai, A2, and one 
such descendant to be simply V,q q' i"*' . In particular for n = this reduces to the three point 
Mellin amplitude we previously computed. 

This result suggests a set of Feynman rules for Mellin amplitudes, where to each internal 
line in a Witten diagram one associates an infinite sum of propagating fields (one primary 
and an infinite set of descendants), to each vertex one associates a factor V, ^' V ^, and 

' ' [m,n,p\ ' 

for each line a normalization factor which is the inverse of r(l + Aj + n — /i). These are of 
course nothing but the Feynman rules we conjectured in the introduction section. However, 
right now we do not yet know the form of the general vertex, which can involve up to three 
"descendants" . In principle its form is directly fixed by kinematic considerations alone, that 
is, by conformal symmetry. In practice, to proceed we shall extract this vertex by evaluating 
higher point amplitudes. This provides a simple way of reading off the vertex, and will also 
act as a cross-check on our proposed Feynman rules. 

Firstly we consider a five point amplitude. In such a diagram there is a vertex connecting 
two internal lines, and from it we will be able to read off V,^^ ,^' ^. We will also explicitly 
see that these Feynman rules still work there. Finally, the full vertex may be obtained by 
considering a 6-point amplitude. We shall see how the latter can be written as a product of 
three propagators and associated vertices, and read off Vr ^^ ?' ^. 
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Figure 5: A five-point Witten diagram in scalar theory 



4. Scalar higher-point amplitudes 

4.1 5-point amplitude 

Consider the Witten diagram of figure 5, for a five point amplitude in cubic theory. The 
amplitude is given by^ 



dti 



A=.vn7^*f 



.I f5i{ci)fs2{c2) I (PSI(PS2 



{27riy 



dQidQa / dXidXadXgexp 

dAdS J AdS 



2Xi ■ {tiPi + t2P2 + SiQi) + 

2X3 • (taPa + UPi + S2Q2) + 2X2 • (is^ + siQi + S2Q2 



This looks quite complicated as it stands. However, we see that as expected from our general 
arguments in the previous section, each Xi only couples to three coordinates coming into a 
vertex, and so we can immediately write 



A5 = g 



3 / -j^f5M)f5,{c2) / dQidQ2A(l,2,c+)yl(3,4,c+)A(5,cr,C2) (4.1) 

o (27ri)^ JdA^s 



Replacing the three point amplitudes for their Schwinger-parameterized expressions, we have 
an integrand of the form 



exp 



*1*2-Pl2 — t'itiP^ii 



exp 



2Ql • (sitlPl + Sit2P2 + sits^s) + 



2Q2 • {s2hPz + S2UPi + 52*5^5) + 2siS2Ql • Q2 



(4.2) 



^For economy of space we omit the external line normalization factors Ci/r(Ai), which are removed anyway 
upon passage to Mellin space. 
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We now perform the Q integrals, first Qi and Q2- Consequently the result appears to break 
the symmetry of the diagram, but this will be restored later. The result is that the integrand 
becomes the exponential of a polynomial quadratic in the Pi 's of the form 



exp 



7 ^QijtjtjFj^ 

i<j 



(4.3) 



Using Symanzik's star formula we obtain the Mellin amplitude 

Ms = / (47r^j J^^^ ^^^/^i(ci)/<52(c2) 5i,2,c+ 53,4,c+ 95,c-,c 



Jd^S,d^S2 {l + sl + Slsl4)-''' (1 + slr'-^^ (l + 4 



-535-545 

X 



{1 + 4+814) ^'" "^25^^^-^^-515-525-513-514-523-524 (^^^^^ -535-545-5l3-5i4-523-524 (4 4) 

To proceed we must compute the Si integrals. The integrals of si,S2 are simply performed 
and result in more Gamma functions. Using the Mandelstam invariant representation of the 
5ij, the amplitude becomes 



r+ioo J J r -■^12+^1+'^ r -^34-1^2+" /A \ 

^5 = 5 vr y_^^ ^2^-^^^^^^)^^2^^^)r (A.+A2-sr2.) r (A3+A4-S34) r (^ ^ j 

^ / A3 + A4 + C2-/l \ ^ / Ai+A2 + Ci-/l \ ^ / A3 + A4-C2-/l \ ^ /^Ai+A2-Ci-/l 



/ 



S12-C1 — fe 



dSl dS2 _^-Ci-.i2-^-C2-.34(l + -2^-535-545 (^ + ^2 ^ ^^^^^'^^-'^^^(l + S?^^) ^ "2— .(4.5) 
Si "52 



Let us focus on the integral on the third line. After a change of variables into x = s\^y = S2 
the integral becomes of the form 

"+00 f+00 



/■+00 f+00 J J 

/ / '±!l'^x''y\l + xr{l + y + xyY{l + xyf, (4.6) 

Jo Jo X y 



with 



h-ci-si2 , /1-C2-S34 .. , J s 

a= ^ , 0= ^ , C= -((^35+(545), 

d=-5i5-fe, 6= "^^"^"^"^ (4.7) 

This integral possesses a large number of symmetries interchanging the exponents of the 
various factors. Rescaling y — t- y/(l + x) followed by x — )■ 1/x we obtain 

f+00 f+OO J J 

/ / ^x-"+''-V(l + x)-^+^-^(l + y)^(l + x + y)'^ (4.8) 

Jo Jo X y 

To compute this integral, first perform the change of variables 

X v 

X ^ , y ^ -^^ (4.9) 

1 — X 1 — y 
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whereupon the integral becomes 

Q Jo X y 

I — ^x'^iy"2(l-x)-"i+^i-Vl-y)-"2+^2-i(l-xy)'^^ (410) 

Jo X y 

The integral can be performed assuming Re(6fc) > Re(afc) > 0, for A; = 1, 2 using 



3^2(01, 02,03; 61, 62; z) 
2 ^., ^ .1 ^1 

-^ I MI.l^W il)U — (1,1^1 In In .7: 11 

k= 



j^^^ r(«fe)r(6fc - Ofc) Jo Vo X y 



and so we obtain 



'ci-C2 + A5\ / ci+C2 + A5 \ / -Ci + /l-gi2 \ /^-C2 + /i-S34 



-.Fr, M Cl-^2+A5 -C2+fe-S34 Ci+^t-6'12 r -C2fA5+/i^5i2 1 Ci+A5-+fe-S34 -j . i 
3-^2^1 2 ' 2 ' 2 ' L 2 J' 2 J' / . 

' X 7 X ^.(4.12) 

Y I -C2+A5+/i-Si2 ) p ( Ci+A5+fe-S34 



2 / V 2 

The 3i<2 hypergeometric function at argument z = 1 satisfies a number of identities, among 
which 

c. . r, !, iA r(6i)r(62)r(6i + 62 -oi -02 -03) 

3^2(01, a'2, 03, oi, 02; -Lj — ^f — 77777 — 77^ 77777 — 77^ 7 

r (oi) r (61 + 62 - oi - 0,2) r (oi + 62 - ai - 03) 

3^2(61 - ai, 62 - oi, 61 + 62 - oi - 02 - 03, 61 + 62 - oi - 02, 61 + 62 - ai - 03; 1) (4.13) 

which exchanges the roles of ci, S12 with C2, S34. 

The expression for the Mellin amplitude is then written as 

/ /•+^°^dcidc2 Li(ci)Li(-Cl)L2(c2)L2(-C2) 

M5 — 



P ( A,+A2-.i2 ) r ( A3+A4-.34 ) y_^^ (2vri)2 (5, - hf - c\ {52 - hf 



(A \ o Fo M Cl~C2+A5 -C2+fe-g34 Ci-Hfe-Sl2 T, r -C24A5+/i^5l2 Ci+A5-ffe-S34 1 1 
criCi+CJ2C2 + A5Y-^2 \^t 2 ' 2 ' 2 M 2 ' 2 ^ / /^ i^\ 

2 7 r (^ -Ci+C2+A5 N -p /" -C2+A5+fc-Si2 \ T / ci+A5+fe-S3 /\ 



with 

-p /^ Cl+/i.-Si2 \ p / Ai+A2+Ci~fe \ Y ( C2+fe-S34 \ p /^ A3+A4+C2-fe 

The identity between these two expressoins will be shown in the next section. We are inter- 
ested in obtaining the poles and respective residues in S12 and S34 of the expression above. 
Although there are various sets of poles in ci and C2, the only ones which will end up giving 
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Figure 6: A six-point Witten diagram in scalar theory. 

expressions containing poles in si2 and S34 are the ones at ci = 6i — h,C2 = S2 — h. Computing 
the residues at these poles we find 

+°° p5i pS2 

'^'5- 2^ 5^2 - <5l - 2ni S34 - 52 - 2n2 V0,ni] Vo,n2] >,ni,n2]+--- l^'^'^J 

ni,n2=0 

where the dots represent possible subleading contributions. The only new ingredient in the 
above is 

\ i / m ^ * ^^712 

^[ i:,A,-2/i 1 [ E^A.-2A2-2ni E^A^i2A^:i2n2 \ V 
3^2^ ^ ,-ni,-n2J,| , j,lj(4.17) 

It is easy to check that when one or more of the n,'s vanish we reproduce our previous 
expressions (3. 24), (3. 25). It's been a long way, but the final result (4.16) is particularly 
simple, and it agrees with the Feynman rules we have defined previously, assuming that the 
subleading contributions in the above vanish. Attempts to evaluate the Mellin amplitude 
numerically suggest this is the case, although further work is necessary. The upshot of this 
calculation is that we have now in our possession a further ingredient for such rules, which is 
the vertex for the case where we have two "descendant" fields and one primary. 

4.2 6-point amplitude 

The next step is to calculate a six point diagram involving three bulk-to-bulk propagators 



connected at a single vertex in order to obtain V, ^' ^' ,^. With this purpose in mind we now 

o [ni, 712,1131 ^ ^ 



^Ai,A2,A, 
[111,712,113] 

turn our attention to the particular Witten diagram in figure 6. We can immediately write 

f+ioo 3 1 ^3 



Ae= / '"n^/5,(cfc) / lldQU{l,2,ct)A{3,A,4)A{5,6,ct)A{ 

J — 200 r, 1 J O AdS ; 1 



q,C2,C3) (4.18) 
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The calculation proceeds as for the five point amplitude - we integrate over each Qi 
in turn. Exactly as before one can use the Symanzik star formula to read off the Mellin 
amplitude. After performing the si,S2, S3 integrals (just like before we could immediately do 
the integrals in si and S2), we are still left with a seemingly complicated integral in si, S2, S3, 
analogous to the second line of (4.5). However, as we show in appendix C, performing a 
change of variables it is possible to write the Mellin amplitude as 




r(cOr(-cO [{5, - hY - cf] 

x^y'z^l + x)'^(l + vYH + z)f{l + x + y + z)\ (4.19) 



' dx dy dz ^ahcf. , .d,. , .ef. , .f 



with Ajj the dimension of the jth field of the itli pair of legs - j = 1,2 and i = 1,2,3. 
For instance, A2,i = A3, A3^2 = ^6) • • •• Also, the Sj variables are the Mandelstam variables 
associated with each pair of legs, such that si = si2,S2 = S34 and S3 = sse- As for the 
parameters a,b, . . . ,g we have g = ^{ci + C2 + cs — h) and 

a = -(-ci + /i- S12), ft = -(-C2 + /i - S34) c= -(-C3 + /i- sse) 

d= -{-ci-h + si2), e= -{-C2- h + ssi), f = -{-C3 - h + s^q), (4.20) 

To proceed we must evaluate the integral on the second line of (4.19). First we do a multi- 
nomial expansion on the last factor of the integrand, 

+2^ (-x)"^i f-?/)™2 f-z)'"3 
{l+x+y + zy= \ {-g) (-g + rni)mA-9+mi+m2)m3- ^ ' , '-^{"^-^l) 

We are then free to perform the separate integrations over x,y,z. The result is 

»+oo .+00 .+00 3 r(Q)r'^ "''+^""' ' 



/ / / (•••) = n /\, N ^ Ff (-ff,{a,6,c},Ke,/};l,l,l)(4.22) 

Jo Jo Jo .1 r/a±^^-il 



(3) 
where si = si2,... and Fj^ is a Lauricella generalized hypergeometric function of three 

variables [26, 27, 28]. For future reference we give the definition of the Lauricella function 



+00 



n-uu / lit , •. rii \ 

Fi™)(g,{ai,...,a™},{6i,...,6^};rEi,...,x^)= J] (5)^„^„^JJ^^ (4.23) 



ni=0 



\ {h)n. 



The above series is convergent only for ^^ \xi\ < 1. Our interpretation then is to define the 
sum at this point as the value of the Lauricella function at that point, which is well defined 
via analytic continuation. Of course it might very well happen that for specific values of 
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the parameters g, Oi, bi the series reduces to a sum, in which case everything is perfectly well 
defined. 

The Mellin amplitude is exactly given by 



JOO 



l^J 4/ -TT /dCfc Li(ci)Li(-Ci)\ //l-Ci -C2 -C3 



r fe- 



ll /a,..a.Ja^^/....-.A ^a i-9, {a, 6, c} , {d, e, /} ; 1, 1, 1) . (4.24) 



1=1 



Aj,i+Ai^2-^i \ p I Cj+h-Sj 



r -M^^.,2-^. p 



2 



with the Lj defined analogously to (4.15). Evaluating the integral above in closed form seems 
like a difficult challenge. The poles in 812,834, s^q however, are easily found by pinching of 
two poles in the ci, C2 and C3 integrations respectively, using the definition (4.23) of F^ . The 
end result is the remarkably simple expression 

+00 / 3 pS, \ 

IVlQ- 2_^ llig. _^. _2nJ [OAni] '"[O.O.na] ^%QM >i,'^2,n3] + " " " y^"^^' 

ni,n2,n3=0 \i=l * * */ 

This not only provides further evidence for our set of Feynman rules for Mellin amplitudes, 
but also gives us the final vertex 

Ff ^ Ai+A2+A3-2/i ^^^^^ ^^^ ^^^ ^ {l+Ai-/i, 1+A2-/1, 1 + A3-/1} ; 1, 1, \\ .(4.26) 

Notice that with n^ positive integers, the Lauricella triple hypergeometric function is given 
by a finite sum. 

Now let us show that the vertex function V, ^' ^' ,^ iust computed reduces to the previous 

[?il,n2,n.3j J J^ -t^ 

expression (4.17) when one of the integers nj is zero. When this happens, one of the sums 

in the definition (4.23) reduces to a single term, and the Lauricella triple hypergeometric 

(2) 
function reduces to the Appell F^ function, which we denote by Fj^ . For instance, if ns = 

we get 



^(2) /Ai+A2+A3-2/i 



^Ai,A2,A3 ^ -r^Ai,A2,A3 
[ni,n2,n3] [0,0,0] 

Ff f Ai+A2+A3-2. ^ ^^^^ ^^^ ^ {1+Ai-/^, I+A2-M ; 1, 1 ) . (4.27) 

The Appell F2 function with arguments x = y = 1 is directly related to the 3^2 hypergeometric 
function at argument x = 1. In order to prove this one computes the integral 

f-+oo f+00 J J 

/ / —^x-''+'-'y\l + x)-'+'-%l + yfil + x + yr (4.28) 

Jo Jo X y 
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"l2 P^^ "lO 

Figure 7: A twelve-point diagram in (p"^ theory. 



in two different ways, firstly by using formula (4.11), and secondly using the multinomial 
expansion on (1 + a; + yY and integrating. The end result is 



Fi')(e,{o,6},{c,4;l,l) = 
[I + a - c + e)_^{l + b - d + e) 



jFa ({a, 6, e}, {1 + o - c + e, 1 + 6 - d + e}, 1) (4.29) 



(l + a-c)„Jl + 6-d)„, 
Using this identity it is straightforward to show that (4.27) reduces to (4.17). 



4.3 Outline of the 12-point amplitude calculation 



^Ai,A2,A3 



The beautiful expression (4.26) for the general vertex ^r^^^^^^i^ in (p^ theory leads us to 
conjecture that in (j)"^ theory the general vertex takes the form given in the introduction, 



V' 



Qm^ 



Ei\-'^h 



[?ii,...,n„J •="" \ 2 



){flil-h + A,)^)j 



{-ni,...,^n,m},{l+Ai-/i, ...,l+Am-/i};l,...,l • 



(4.30) 



As a rather non-trivial check of this, we have performed the computation of a twelve-point 
amplitude in cj)'^ theory. The calculation is tedious but essentially the same as in the six point 
function in (j)^ theory. The diagram is of the form given in figure 7. The computation of this 
amplitude is very similar to the six-point calculation. The X integrals are performed trivially 
as usual. The integrals over boundary coordinates Qi are also trivial, and the resulting 
expression can be translated into a Mellin amplitude consisting of four q integrals, and a 
set of four Si,Si integrals. The latter can be explicitly performed, while the former lead to 
poles in the various Mandelstam variables upon pinching. The Si integrals can be carried 
out immediately as in the four-, five- and six-point amplitude calculations, so that the only 
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non-trivial part of the calculations are the remaining integrals over the Si parameters. At 
this point we are in a situation similar to that described in appendix (C), with a rather nasty 
looking integrand. However, by performing change of variables of the type described in that 
same appendix, the integral can be successively simplified until it reduces to 



4 

n [d-^ 



4 



x'^'{l + x) 



1 + J^x. , (4.31) 



with 5 = 5 (Ci + C2 + C3 + C4 - h), 

ai = -{-Ci + h-nii), bi = -{-a - h + rui) (4.32) 

and the four Mandelstam variables rrii are mi = S123, m2 = S456, .... To evaluate the integral 
we perform a multinomial expansion as before, which leads to the four- variable Lauricella 
function. The calculation then proceeds as for the six-point function and one precisely finds an 
expression for the poles of the Mellin amplitude consistent with the Feynman rules conjectured 
in the introduction. 

5. Conformal invariance of index structure 

In the following sections we will be interested in evaluating amplitudes which involve fields 
carrying spin degress of freedom, either in an internal propagator or as an external state. 
In the latter case, to obtain expressions for amplitudes in d-dimensional space, we will have 
to contract the M indices with the pull-backs C,if . These in turn are contracted with some 
polarization tensors, so that overall we may say that the M indices are contracted with 
polarizations ^^^ . These polarizations satisfy 

6 • Pi = ii'PiM. = ^^-Q^ P^M. = (5.1) 

because of the condition Pf = 0. Further, we have 

PM^i^^ = P^(l + ^P^^5m) = (5.2) 

The rightmost factor checks that the overall amplitude scales with P like 1/P , which has 
to be the case, and so it is vanishing. That is, the transversality condition of J*^"^ has 
transformed into a scaling condition imposed by D^ . In this way, D^ can be thought of 
as a projector which implements conformal symmetry of the index structure. 

Overall, these results are very suggestive: in the embedding formalism, amplitudes depend 
on objects Pj and polarizations ^j such that 

Pf = Q, Ci■P^ = 0, C^^Ci + Pi■ (5.3) 
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These are exactly the conditions required of a gauge theory ampHtude depending on momenta 
Pi and polarizations ^i. This suggests that d-dimensional CFT dynamics are related to gauge 
(or gravity) theories in d + 2 dimensions, but where the coordinates of the one are related to 
the momenta of the other. Although we will not try to flesh out this relation further here, 
the above set of requirements above already imply strong constraints on the possible index 
structure of conformally invariant amplitudes. 

Consider for instance an amplitude of the form {^Jg (P3)C'(Pi)0(P2))- On the one hand, 
no P3 with free indices are allowed, so that the index dependence must be carried by Pi, P2- 
Then "gauge invariance" uniquely fixes the structure 

L^-t:^=X^\ (5.4) 

Pi3 P23 '' ^ ' 

The rest of the amplitude is fixed by requiring the correct behaviour under rescalings of 
Pi,P2)^3 by constant factors. Generically, the only structures which can appear in any 
amplitude are of the form above or 

pM2 pMi 
JM1M2 ^ M1M2 _ ^l ^2 ('g gx 

Pi • P2 

which vanishes upon contraction with either P^ ^ or Pg ^. 

In particular, consider a current three-point function. The general structure of such 
amplitudes, as imposed by conformal invariance has been known for a long time. With our 
methods, finding the index structure of such an amplitude is a trivial task: there are only 
two possible structures, namely 

X^I'X^'X^^, or /*^i^2^,f3+pe^j^^,tations (5.6) 

And indeed, this is correct. A similar argument can be made for the four-point function. All 
terms are of the form 

//, IX X, XXX X, (5.7) 

but there are a greater number of them, as one could have several X's with the same index, 

P n Y^4 vMi Tj^M4 

The arguments given above are completely general, in the sense that they apply to any 
conformal correlation function independently of the spin or number of fields involved. In 
other words, the most general amplitude must have an index structure such that it reduces 
to polynomials in /, X. In general, current conservation places constraints on the final form 
of the amplitude by relating the coefficients of different kinds of index structures. However 
such constraints do not seem to have a simple formulation in the embedding formalism, and 
they are most usefully seen by pulling back our expressions to d-dimensions. 

Actually there is a slight subtlety we have ommitted. It is easiest to see the problem 
in the case of the stress-tensor. This is the question of removal of traces from the index 
structure, which can be understood by the simple example of the correlator of a stress-tensor 
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and two scalar fields. The index structure of such a correlator is completely fixed by conformal 
invariance^, and we get 

The question is, what exactly do we mean by the trace part removal in the above? If we 
remove the {d + 2) dimensional trace of the expression above, so that it becomes 

C.X,fXl^3__l_^M3iV3(^^^)2^ (5.9) 

then we lose "gauge invariance" as easily seen. Another problem is that it is l/{d + 2) which 
appears in the expression, whereas we expect the final result to be traceless in d dimensions, 
not d + 2. As it turns out, both these problems can be solved at once. To restore gauge 
invariance we must, counter-intuitively, add gauge- variant terms. To do this, first introduce 
introduce the vector Q which in our parameterization is simply Q = {Q~^, Q~ , Q^) = (0, 1, 0). 
This implies that Q ■ P = —1/2, for any boundary point P. Then to remove the trace we take 

~ xf^^Xit - I (j?*'^"^^ + 4P(^^3Q^«)) (Xi2)2, (5.10) 

It is easily checked that the expression above is both gauge-invariant and traceless, at least 
in d + 2 dimensions. Also, the extra terms we have introduced vanish upon contraction with 
the pull-backs C*^, and we obtain an expression which is traceless in d dimensions. 

This result is more general, and it applies to any pair of symmetric traceless indices. It 
follows from [24] 

V^''Cfl'HP)CHP)TM,MUP) = v''''''TM,MUP), if Pt'TMUP) = (5.11) 

which is easily proved noting that in our parameterization we have 



r/^^Ce ^ = {VAHM, + AQ(''^P''^^) . (5.12) 



With these results, we may say that before taking traces, the amplitude is indeed fully written 



in terms of the objects I ,Xi^ defined previously. 



6. Current amplitudes 

6.1 {JOO) correlator 

To begin this section, we shall compute the three-point function of a current with two scalar 
operators using the embedding formalism. While the final result is well known, this calculation 
will serve to illustrate the usage of the embedding formalism for the computation of current 
amplitudes. Also, as we shall see in the next section, it will immediately give us the result 
for the three current amplitude. 



^See for instance [18] 
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We take for the gravitational action that of a minimally coupled scalar of mass rn^ = 
A(A-d), 

S = I d'^+'x./^ (AfmnF^'' + \Vm4> - ieAM<t>\^ + m^A . (6.1) 

The three point vertex is of the form 

ie^M(P3)(V</.(Pi)(/>(P2) - V<P{P2)(l){Pi)). (6.2) 

The amplitude is therefore 

(J^OO) = 2ieDf^^ I \{ '^tf^ I AX {t^P^^A - ^2^2,^) exp [2{tiPi+t2P2+hPz) ■ X]{6.3) 

J j_-|^ ^i J AdS 

with Ai = A2 ^ A. Recall that D^J^ is an operator which acts on the right-hand side of the 
expression. After the X integration we obtain 

( J^OO) = 2^e vr^ T ( ^-^- + ^~^^ ] D^^^ j \{ ^tf^ (t.P.^A - t2P2,A) e ^<^ *^*^^'^ • 

(6.4) 
Let us focus on the integral. This is quite similar to the one we found for the scalar three 
point function, and we can proceed using a trick: 

Citi A . dt"? J n , _ , T^3 4.4 . u, , 



/ n ?*f^ (*i^m) e- ^<^ *^*^-^- = / n '^tf' ^4^" (*3tiPM) e- S?<. *'*^^>^ 

1=1 J=l 

In the last expression, the 6ij satisfy the constraint ^j^,- Sij = Aj — Sj, with Sj the spin of 
the field j. Overall, we get 

(J^OO) = ,evr^r( ^-^- + ^-'^ ) Z),^f ^^^^^ _ ^^^^\ nr(5.,)(P.,)-^^^ (6.6) 

To finish, we are left with the action of the operator -D^'f • However, this action is particularly 
simple here. To see this, first write 

Dfi = r^^^^ + -^PidM, = ^^ r?^3A + 1 d A 

rf-i ' d-l " ■' d-l ' d-l dP^^ 

Since we have (5i3 = 82^ = 2^d — 2), the second term in the operator leads to a vanishing 
result. Restoring the external leg normalizations the final answer is 

/ pM-i pMj, \ 
{J^-^OO) =ieC[^-^\ \{{P,i)-'^^ (6.8) 
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with 

1 rwr(A) 
47r2'^ r(i + A - hf ^ ' 

Following our general discussion in section (5) we have P3 '^ {J ■^OO) = 0, and the index 
structure is indeed of the form Xt^2^ as expected. 

6.2 Current three-point amplitude 

We now consider a three point amplitude of a non-abelian Yang-Mills field in AdS, or alter- 
natively, the conformal correlation function of three currents valued in some Lie algebra with 
structure constants fabc- The Witten diagram is essentially same as in figure 2. As usual, the 
X integration is trivial and we can immediately write 



/ A-h 

n 7^*f' [^^^ (*i^i'C - t2P2,c) + perms] e-^'<^'^'^^K (6.10) 

This expression is remarkable, in that most of the complicated index structure has effectively 
been moved to the action of the D operators. Each of the permutations inside the integral 
sign is essentially nothing but the three point function of a current with two scalars, which 
we have already computed! Therefore we can immediately write down 

/^^^ = ^^ (^1^ +perms) llm,){P^,)-'^^ ■ (6.11) 

i<j 

where 6ij = ^{d — 'i)- To obtain the full amplitude one has but to mechanically act with the 

D operators on the expression. Before we do this however, it is worth noticing the simplicity 

of the expression between parenthesis, which bears an uncanny resemblance to a gauge theory 

amplitude: 

pC pC\ ^AB 

^ 2 1 '/ ^ {kl-kl)if^ (6.12) 



,^3 ^23/ Pl2 

Also, we haven't defined what the Mellin amplitude should be for the case of amplitudes 
involving currents. A natural definition seems to be that one should take as the Mellin 
amplitude the expression between parenthesis, since once this is given the entire real space 
amplitude may be determined after the action of the D operators. 

As a check that we haven't made a mistake, we may evaluate the full amplitude by acting 
with the D operators. After some work one obtains: 



C: 



ja,Mi (p_^ ) Jb, A/2 (P2 ) J^'*^3 (P3 ) 

^'jAhAh^Ms \ 2,d-2 



+ perms ) - ^,^:^^X^^X^,^X^^^ 
12 



P12 ' "^"""/ 22d-r ^^ '-' '' 



n(^.i)-'-- (6.13) 



i<j 
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Figure 8: Gauge boson exchange diagram 

with 

C^3-^/ nd-l) (^_^)3 . (6.14) 

This agrees with previous results in the hterature [7] up to normaUzation conventions. Also 
as expected, the full amplitude is a polynomial in /, X, and satisfies the "gauge invariance" 
condition. This calculation shows how the embedding formalism simplifies considerably the 
calculation of the amplitudes. 

6.3 Scalar 4-point with current exchange 

In this section we will be computing the contribution to the scalar 4-point function of a 
diagram where a gauge boson is being exchanged. This will be useful as practice to the 
calculation of the 4-current amplitude in the next section. It will also allow us to check our 
formalism is correct by checking that the pole structure of the Mellin amplitude agrees with 
the general results of Mack [19]. 

The process we'll be considering is described by the Witten diagram in figure 8. The 
gauge-boson bulk-to-bulk propagator can be written as a product of two bulk-to-boundary 
propagators, and we can write 

Ai = I ^/,{c) j dQ{JlUQ)0{Pi)0{P2))miN{Jtc{Q)0{P^)0{P,)) (6.15) 

We have already computed the three-point functions appearing in the expression above. How- 
ever, in practice one does not want work with the three-point function, but rather with its 
Schwinger parameterized form, as to be able to perform the Q integral. 

Notice that in the three point functions above, the currents J have conformal dimensions 
hziz c, and not d — 1 as usual; that is 

<4^,(Q)0(Pi)0(P2)) = 

2167,^0^/, [ ^^^t^H^'^s''+'{hPi,A - t2P2,A) exp [-tlt2Pl2 + 2s{tlPl + t2P2) • Q] (6.16) 
J ti t2 S 
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In order to perform the Q integrals, we need to do something about the Q and Q derivative 
hidden in the D operators. However, as in the calculation of {JOO) amplitude, we can write 



^MA _ h ±C- 1 j^j^ d ^ 

h±c ^ ^ dQ^^ 



Dh±c = ^^^XT^^^^ + otQ^ (6.17) 



and, as before, the second term does not contribute. Each D operator reduces to a Minkowski 
metric times a factor, and the contraction of both of them leads to 

miND"'''D^^ ^ ^\,^l'j'% ^^ (6.18) 

The prefactor in the above exactly cancels a similar factor in the definition of fs,i{c), reducing 
it to f 5 flic) {c.f. equation (2.20)). The Q integrations proceed as in the scalar exchange 
computation of section 3.2, and we get 

aJ 2 fo 3h\ f^'°° dc ^ , , /■'-^^/l + 2A + c-/i\ /1 + 2A-C-/1 

Ai = e- (8.-) l^^ -fsAc) J d^. r ^ j r 



|n|tf-Ji.J2exp 



/ 



(6.19) 



(1 + s'^)tlt2Pl2 - (1 + s2)tit2P34 -SsY] UtjPi^ 
i=l 

where we have defined the "currents" : 

Jl=hPi-t2P2, J2 = hPz-UPA. (6.20) 

This expression is very close to the corresponding one for scalar exchange, and accordingly 
the rest of the calculation is now essentially the same. Using Symanzik's star formula we 
write the above as a Mellin amplitude, 

M{6^j) = 87126^ / ^—j5,o{c) /(12, /i - 1, c)/(34, /i - 1, -c), (6.21) 

J-ioo 27r^ 

with 7i2 = ^^^2^^^ and 7(12, /i,c) as in (3.19), except for the crucial difference h ^ h — 1. 
This difference arises from the extra factors of l/s, 1/s in the integrals relative to the ones 
appearing in the Mellin amplitude for scalar exchange. These in turn appear due to the 
presence of the non-exponentiated -Pi3,i-*24, . . • terms in the integrand of (6.19). After these 
integrals are performed we obtain 

M(5.,) = 4712 6 y__^^ — (^_^)2_,2 (6-22) 

with 5 = d—1. To evaluate the integral we simply notice that it is the same as that appearing 
in a scalar exchange diagram of conformal dimension A. = 5— \ = d — 2 and in dimension 
/i — 7- /i — 1. Therefore we can evaluate it exactly to find 

4712 e^r(gAM^)r(gAd^) 

^^'''^ = s,2-{5-i) — ni+5-h) — 

3F. ( '-'^^\ '-'t^\ ^^^4^; '^'-''\ l+S-h; l) . (6.23) 
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Alternatively, we can find the poles in si2 by pole pinching to find their position has shifted. 

The result is 

+00 . 

^(^12) = Z^ s,2-(6-l)- 2n ^" ^[°An] ^mn] (6-24) 

n=0 

where it is understood that 6 = d — 1, and we have 



<oy--er( (^-^)^^^-^(^-^) ), (6.25) 

^oXfr' = <o:'of "' (1 - ^ [2A + (<^ - 1)] + (<5 - 1)) ^^ (6.26) 

P^ = [n!r(l + ,5-/i + n)]"^ (6.27) 



There are several interesting things to notice in this result. For instance these are essentially 
the same vertices appearing in cj)"^ theory, upon shifting h^h — l,S^6 — l. Also, this is an 
exact expression, i.e. there are no terms analytic in S12 that we've missed, and expressions 
(6.23), (6.24) are identical. The main novelty is the factor of 712, whose appearance however 
had already been predicted by Mack [19]. It is interesting to notice that the amplitude shows 
factorisation, since this term is given by 

2712 = si3 - S23 = (A:i - k2) ■ {h - h). (6.28) 

More precisely, it would show exact factorisation if the P's appearing in the index structures 
of the three-point amplitudes {JOO), could be transformed into A;'s. The simplicity of this 
result suggests that our Feynman rules can be perhaps extended to the case where there are 
propagating currents. 

6.4 Current 4-point amplitude 

In this section, we compute a four point function of currents using AdS /CFT. We consider 
non-abelian gague theory in AdS, described by an action 

Sym = - j d'^+ix7=5 \ Tr {FmnF'''') (6.29) 

with F^j^ = BmA^'n — QnA^j + ieP'^^A^jA'^j^, and want to evaluate the CFT amplitude 



From the action above, there are two kinds of diagrams contributing to the current four point 
function, a contact interaction and a current exchange diagram. The latter can occur in any of 
three different channels - we show the s-channel diagram in figure 9. The contact interaction 
is elementary using our methods, since there is only an X integration to perform which is 
trivial, and the amplitude is immediately written 

h /• / 4 \ 4 

A, = "^^4 / d6ij n^^-i''' ^4 [r''r'''m,Asr]A,A,+ perms] ^^('^^i)(F^i)-'- (6.31) 
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Figure 9: Current four-point function amplitude with current exchange. 

where X^i^-^i ^ij = d — 1 and the overah constant is C4 = ie'^T { 2 ) ■ '^^^ ^ operators act on 
the products of Pij and are contracted with the Minkowski metrics to give the overah index 
structure. Notice that the integrand contains the Yang-Mills theory contact diagram in flat 
space. As a non-trivial check on the arguments of section 5, we show in appendix D that the 
result of acting with D operators is indeed a polynomial in /, X structures. Let us move on 
to the exchange diagrams. In the following we shall only consider the s-channel exchange, 
and we will denote the corresponding amplitude by As. As usual, the four-point function is 
the gluing of two three-point functions, 

with 

/ J h t2 S 

j^M,A,j^AhA,j^NA, [(^^p^ _ t2P2)A,VA,A, + {t2P2 " sQ)a,11A2A, 

+ {sQ - tiPi)A^r]A^A^] exp (-^1*2^2 + 2s{tiPi + 42^2) • Q) ■ (6.33) 

The presence of Q's in the expression, and also of Q derivatives inside the -Dh-f-c operator 
complicates the calculations. Fortunately, there is a significant simplification. Recall that 
originally we had D^ Xa = 0. After the X integrations are performed this means that 

n '^tA D"'^ {Y.'^P^,A) e-^*'*^-^- = 0. (6.34) 



We interpret this as "momentum conservation" . Now, the operator D/i+c is given by 

^'^+^ " h + c "^ ^ h + cdQ^^ ■ ^^-^^^ 

Consider contracting the second piece of the above with each term of the second line of (6.33). 
The first such term leads to a vanishing result, since it is nothing but the operator D ^^D ^ 
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acting on a (J^OO) amplitude, which vanishes when contracted with Q^ . The remaining 
two terms on the second Hne become 

^ t2P2,AiQA2 - hPl,A2QAi (6.36) 

Using momentum conservation to trade Q for Pi and P2 and the result is easily seen to vanish 
(recall that D "^^Pa^ is vanishing). Therefore, in Dh^c it suffices to keep its Minkowski metric 
part. Further, any Q with a free index may be traded for Pi,P2. The net result is that we 
have 

(j'^'^'^nA)j''''"HP2)J^f,(Q)) = e(2^^)r^^/^^-tfitfis^+^Z?^^^^iZ)*^2^2 

\ / J ti t2 S 

^ 7/^^^ [{tiPi - t2P2)A-sVAiA2 + 'it2P2,AiVA2A3 " 2tlPl,A2^AiA3] 

exp {-tit2Pi2 + 2s{hPi + ^2^2) • Q) ■ (6.37) 

Of course, a completely analogous expression holds for the other three point function appear- 
ing in (6.33). Since all the details of index structure have now decoupled from the integrals, 
the rest of calculation is essentially the same as that of the current exchange diagram of the 
previous section. The Q integral is performed, and the result can be put into the form of a 
Mellin amplitude using Symanzik's star formula. In the end we obtain 

^ = Y ^4 / d6ij (flD^'^^^ J MA,,...,AA^ij) n n^ij){Pij)~^'' (6-38) 



with 



rAiAiAsAif^ ^ iJ ' " ^ nsi2,7l2) 



^AlA2A3/l4(5^2) 



2 si2-{d-2) F(f) 

2 — d 2 — d d — 2 — S12 d — S12 d 



sF2 ^-^, -^, ^^^; -^,-,A)- (6.39) 

or equivalently, 

+°o pd~l 
j^Ai...A4, ^ jAiA2A3A4( N V^ fn yd~l,d^l,d~2yd~l,d^l,d-2 /g ^qn 

n=0 

The vertices in the above are the same that appeared in (6.24) Specializing our expressions 
for d = 4 we get the simple result 

"''-'• = l;?^'^-^'^-'^-(»..™) (^ + ^) (6.41) 

We have yet to characterize the index structure IaiA2A3A4- It is the result of contracting two 
currents of the form 

JAiA.Ak = {tiPi - tjPj)Akr]A,Aj + 2tjPj^AiVAjAi: - 2tiPi^AjVA,A^:- (6.42) 
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followed by UtjPij — )• -p^. Doing this we obtain 



JA1A2A3A4 ^ 4^-^2r?^i^2^^3A4 

' (712-^12) (^A^A, 
2Pl3 



^......pMpM^^A,A2pA,pM _ 2ry^i^3pA2pA4^ 



-(1 o 2) - (3 o 4) + (1 f^ 2, 3 f^ 4) 



(6.43) 



It is clear that if one identifies Pi with a fictional momentum fej, then the index structure 
of this expression roughly corresponds to the one appearing in the analogous diagram for 
Yang-Mills theory in flat space. To obtain the full conformal index structure we have to act 
with the D operators. This is most simply performed with the aid of a computer^. The result 
is too long to be presented here, but we have been able to check that it is simply a polynomial 
in the Xf^ and /™" structures introduced in (1.16), (1.17), as expected from our general 
arguments in section 5. 

Importantly the propagator/vertex structure remains, and it is exactly the same as what 
we have computed in the scalar four point function current exchange diagram. In this sense, 
that computation already contains all the dynamic information relevant for the four-current 
correlator. What the current result shows is that it is possible to quite simply decouple the 
details of the index structure from the rest of the calculation. 

7. Discussion and Outlook 

In this paper we have showed how calculations of correlation functions in AdS /CFT^ are 
significantly made simpler by the combined use of the embedding formalism and the Mellin 
representation. The embedding formalism essentially makes the kinematic AdS integrals 
become trivial, at the expense of introducing integrations in Schwinger parameters. At this 
point the Mellin representation becomes useful by translating such integrations to Mellin 
space via Symanzik's formula. With these methods we have managed to write down four 
point Mellin amplitudes explicitly in terms of hypergeometric functions. For higher point 
amplitudes, we have shown how there seems to be a set of Feynman rules which allows us to 
write them down. Although we have not proved in full generality that these rules are correct, 
we have presented non-trivial evidence in the form of the explicit calculation of higher point 
amplitudes. 

The similarity between Mellin amplitudes and flat space scattering amplitudes had been 
noticed already in [21]. There it was conjectured that in the high energy limit where the 5ij 
parameters become large, the Mellin amplitude reduces to a flat-space amplitude of massless 
particles. In this sense, AdS space can be thought of as naturally providing an IR cut-off for 
flat-space amplitudes. As far as we have been able to check, the results we have derived in 
this paper agree with the proposal of [21], at least in the scalar sector. When free indices are 



'^Notebooks are available upon request. 



34 



present, we are faced with difficulties, as the MeUin amplitude now depends on the coordinates 
P as well as on the Mandelstani invariants. Our results suggest that we should identify the 
corresponding flat space amplitude with the reduced Mellin amplitude, i.e. the amplitude 
obtained before acting with the D operators. Indeed, as we've pointed out throughout this 
paper, those amplitudes are remarkable similar to flat space amplitudes, if one identifies the 
coordinates P with momenta k. 

We clearly lack a deeper understanding of the structure of general Mellin amplitudes, 
such as pole structure, relation to lower point amplitudes and unitarity properties ® . Pre- 
sumably such an understanding could lead to a proof of our proposed Feynman rules for 
Mellin amplitudes in scalar theory. It could also help us to understand the structure of am- 
plitudes involving fields with spin, and if whether Feynman rules can be written down in this 
case. As a first easy check one should compute higher n-point functions of scalars with gauge 
fields propagating in the internal lines. 

An obvious continuation of our work is the investigation of loop amplitudes. These were 
first discussed in [21], but there it was not attempted to write the result a la Feynman. It 
would be interesting to check whether our rules for tree-level scalar amplitudes generalize to 
loop amplitudes in the expected way. Although in our formalism one would never obtain loop 
momenta integrals, one does obtain Mellin-Barnes type integrals, which roughly correspond 
to integrals over conformal dimension. Since the Mellin momenta ki square to conformal 
dimension, perhaps these integrals can be interpreted as integrals over the norm of the loop 
momenta. 

Recently there was an attempt to use the spinor-helicity formalism to compactly describe 
CFT correlators in momentum space [35]. Our methods allow for a different tack on the same 
problem: since the embedding formalism allows us to describe the index structure of Mellin 
amplitudes in terms of d + 2 vectors P satisfying P^ = 0, use of spinor-helicity formalism 
suggests itself. For instance one could to use the six-dimensional formalism of [36] to describe 
four-dimensional conformal field theory amplitudes. Curiously, for d = 2 it seems that the 
± helicities of four dimensional massless particles map to (anti)holomorphic two-dimensional 
amplitudes. This is possible because after the action of D operators, the conformal index 
structure of a CFT amplitude resembles that of a flat-space amplitude with higher dimension 
operators: the current 3-pt function has contributions cubic in P, which would come from an 
(Fab)"^ term in four dimensions. 

It seems likely that the calculation of the stress-tensor four-point function should be 
achievable using our methods. The results we have obtained in this paper for the current 
four-point function lead us to expect that the index structure should decouple from the 
exchange part of the amplitude. The latter should essentially be the same as that obtained as 
for stress-tensor exchange in scalar theory. The full amplitude will be obtained by acting with 
four D2 operators on the reduced Mellin amplitude, which should have an index structure 
similar to a four-graviton flat-space amplitude upon identification of the momentum with the 



^For a proposed BCFW type recursion relation for Witten diagrams see [33, 34]. 
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coordinate P. We hope to present more on this and other stress-tensor correlation functions 
elsewhere [37]. 

Finally, we have seen that there seems to be an intriguing connection between the corre- 
lation functions we have been computing for d-dimensional CFT's, and a theory of massless 
particles m. d + 2 dimensions. The connection is given by interpreting boundary point of the 
CFT as d+2 null vectors P, which can then be interpreted as momenta. It is highly suggestive 
that we were able to write down the relations (5.3) and even a "momentum conservation" 
equation (6.4). It would be interesting to see if this connection can be developed further. 
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A. Some integrals 

In this section we describe the computation of the AdS and AdS boundary integrals which 
appear throughout the paper. These calculations have appeared already in [21], and we 
include them here for completeness. The first such calculation is the proof that 

with T = 'Y^tiPi. We proceed by computing the left-hand side. First we evaluate the AdS 
integral. By Lorentz invariance we can consider the case where T = |T| (1,1,0). We also 
parameterize AdSd+i space by 

X = {X+,X~,X^') = — {l,xl + x\x^') (A.2) 

Xq 

and define h = d/2. Then we get 

dXe2^-^= r^'^x-J r"d^xe-(i+-o+-^)l^l/-» 



^0 JO 

h f^°^ dxo h -xo+ryxo 



TT^ / rr:!^2;o''e-^»+^ /^° (A.3) 
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The original integral becomes 






where in the second step we rescaled ti — )• ti/ ^/xq 
Next we prove: 

with T = (sX + sY). First we evaluate the boundary integral on the left-hand side. Using 
the parameterization 

Q = (Q+,Q",Q'^) = (l,x^x^) (A.6) 

we find 

[ dQe2^-«= r"d'^xe-l^l(i+-') = ^e-l'^l. (A.7) 

JdAds Jo r I 

Now, noticing that 1 = L dv 5{v — s — s), we find 

Jo V Jo s s ^ ' \sX + 7sY\h 

7o ^^ 7o s s 

Finally rescaling s — )• s/y/v, s — )• s/y/v the f integral is performed and we find the right-hand 
side of (A. 5), as promised. 

B. The Symanzik star formula 

For completeness, in this section we review the Symanzik star integration formula in Euclidean 
space as discussed in [19]. For a proof and more details we refer the reader to the original 
reference [22]. Consider a set of n points in Euclidean space Xi and their differences Xi — Xj. 
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In the embedding formalism we have Pij = —2Pi ■ Pj = (xj — Xj)^. Then Symanzik's formula 
is: 

The integration measure on the right-hand side deserves further explanation. The parameters 
6ij, symmetric in i,j, satisfy 

^6i,=Aj (B.2) 

for all i. Now pick a particular solution of the set of equations (B.2), J?-. Then we write 

|n(n— 3) 

^ij = ^ij + XI '^iJ,kSk (B.3) 

it=l 

with 

Cii,k = 0, X Cij^k = 0. (B.4) 

Choosing as independent coefficients the (2?^(ra — 3)) coefficient Cij^k with 2 < i < j < n 
(with the exception of C23^k), with the further restriction |detcij^fc| = 1, we can write 

|n(n— 3) 

«,./_ n I? (B.5) 

The integration paths are chosen parallel to the imaginary axis, with real parts such that the 
real parts of the arguments of the gamma functions are positive. 

C. Details on the calculation of the six-point amplitude 

In the computation of the six point amplitude, or indeed of any amplitude involving internal 
lines, we have to perform boundary integrals over the coordinates Qi of each internal line. 
Since these integrals have to be done in a certain order, this breaks the symmetry of the 
expressions and the result seems more complicated than it is. A typical example of this 
is what happens in going from the third line of (4.5) to the simpler looking (4.8). In the 
calculation of the six- and twelve-point functions the same thing occurs. In this section we 
give some details on the changes of variables required to obtain a simpler looking integral for 
the case of the six-point amplitude. Details on the 12-point amplitude are quite technical 
and can be obtained upon request. 

We have six integrals that can be performed, over parameters Sj,Sj, i = 1,. . .3. After 
the Si integrations are performed, then if the boundary integrations were done in the order 
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Qi,Q2, Qs the integral over the Si is of the form 
3 



r n (f) (-1 + 1)^^^^^-^^^-^^^^ m + 1) 4 + 1) 



2f-2U-2 , -,\-2 , -,n2 , -2\ , -,\i(-^i-'»+^i2) /. 2 , in2_2-2 , \ |(-C2-?^+S34) 



X ^5^55 ((S? + 1)52 + 1) +slj+lj ((^? + l) ^Pi + 1 

X ((^1 + 1) ^1 ((^1 + 1) 4 + 1) + 1)^(-— ^+--) , (C.l) 

which looks quite complicated. However, performing the change of variables 

Si -> y/x, S2 -> ^/y, S3 -> ^/z (C.2) 

followed by the sequence of variable changes 



, y 
y 



1 + X 1 + X 

X ^ y 



(l + y)(l + z)' ^ l + z 

finally leads to 

"+00 



i<j 



(C.3) 



/ '"—'^—x''y''z\l + xf{l + yy{l + z)f{l + x + y + zy , (C.4) 

Jo X y z 

with g = 2(^1+02+03-/1) and 

a= -{-ci + h- S12), b = -{-C2 + h - S34) c = -{-C3 + h - s^q) 
d= -{-ci- h + si2), e = -(-C2 -/1 + S34), f = ^{-C3-h + S5q). (C.5) 

D. Index structure of current four-point function contact diagram 

We wish to evaluate: 



Defining the quantities 



Z^^ = su (X^t + X^t ) + 712X3^ (D.2a) 

Z""- ^ s^2 (X,f + Xit) - 712X3^ (D.2b) 

Z""^ ^ S12 (Xl!f3 + XM3 j _ ^^^^M3 (D,2c) 

Z^^ = S12 (X,t + ^2^) + 7i2Xit (D.2d) 

I^^^^^166./——, (D.2e) 
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the result is 



i<j 



yJvh yM2 yMs yMi , 



{d-lf-6i2 



2 



+ 



{d-lf-5 



12 



(^12 
ryMz Mi f Ml M2 _|_ ^Mi M2 jMz Mi 



fMiM2 fMz,M4 _|_ fMiMs JM2M4, _|_ JM1M4 jM2Mz 



(512 
I ( ^MiMi JM2M4, _|_ i^MiWU JM2M3 , ^M2M3 jMiMi , ^M2M4jMiM'3\ /j-) gN 

in exact agreement with the expectations of section 5. 
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